Radiation traversing the observable universe provides powerful ways to test isotropy of electromagnetic propagation. A controversial recent study claimed a signal of dipole character. We characterize a new and independent data set of 277 points under the null proposal of statistical independence of polarization orientations and angular positions. The null hypothesis is tested via maximum likelihood analysis of best fits among numerous independent types of factored distributions. We also extract single-number correlations which are parameter free, invariant under coordinate transformations, and distributed very robustly. We find that the null proposal is not supported at the level of less than 5% to less than 0.1% by several independent statistics. The data indicate an axis of correlation, on the basis of likelihood determined to be [R. 
Introduction
Electromagnetic radiation traversing the observable universe can probe subtle forms of cosmological anisotropy. A signal with dipole character was claimed recently (Nodland and Ralston 1997a-d) from an analysis of published radio data. Analysis found an "anisotropy axis" s NR = (21 h ±2 h , 0 o ±20 o ) governing orientation of polarization of the radio signals. The origin of this behavior is not clear, and may or may not indicate a fundamental anisotropy on a scale larger than previously found in cosmology. The question of systematic bias in such data was raised by the authors (Nodland and Ralston 1997) and earlier (Phinney and Webster 1983) . Some subsequent studies using different statistical baselines (Eisenstein and Bunn 1997 , Carroll and Field 1997 , Loredo et al. 1997 or a very small sample of VLBI data (Wardle et al. 1997 , Leahy 1997 claim that there exists no signal of anisotropy. Here we report analysis of an independent and larger data set (Bietenholz and Kronberg 1984, Bietenholz 1984) . We put special emphasis on characterizing the usual expectation of independence of the polarization and position variables, or "uncorrelated isotropy". For the purpose of testing isotropy, we limit the study to angular quantities, which are sufficient to judge the null proposal with a high degree of statistical significance.
The data collects variables from 277 cosmologically distant galaxies. The observables listed for galaxy i include a major axis orientation angle ψ i , a linear polarization angle χ i , and the angular coordinates of the galaxies on the sky. Other variables include a resolution parameter, degree of polarization, and the Faraday rotation measure RM . Consistent with restricting the study to uncorrelated isotropy, we integrate over the redshift, which happens to be incomplete in the data set in any event. We let β = χ − ψ be the angle between the plane of polarization and the symmetry axis of the source. The variables χ and ψ are determined up to a multiple of π; β runs from −π to π. To deal with the π ambiguity of polarization and axis measurements, one can map β → Y (Ω), where Ω is a variable defined on twice the interval, namely −2π ≤ Ω ≤ 2π. A popular map is "Map 1", Ω 1 (β) = 2β; other maps are also discussed below. The function Y is represented by a Fourier series with periodicity 2π, assuring that the transformation β → β ′ = β ± π leaves Y (Ω) invariant. The first Fourier components create a 2-component vector-like object Y (Ω) = (cos(Ω), sin(Ω)). The angular positions on the sky are mapped into their 3-dimensional Cartesian vector positions X on a unit sphere. When the coordinate origins are changed, the components of X or Y transform by standard rules; one can go on to make nicely transforming distributions and tensor correlations. Then various proposals measuring χ relative to ψ or ψ + π/2 can be freely investigated. The invariant correlations discussed below, for example, avoid any question by being totally independent of the choice of angular origin.
The standard assumption of statistical independence corresponds to a distribution g(Ω, X) = h(Ω)f ( X). We do not model the sky distribution f ( X), which is quite uneven due to selection effects, but consistently take this directly from the data. We compare statistics based on assuming independence of polarizations and positions with a simple correlated ansatz of the form h(Ω)C(Ω, X)f ( X). The case C = 1 reduces to the uncorrelated case.
Analysis and Results
We present 2 methods testing for independence:
Invariant Correlations Following Jupp and Mardia (1980) 
Note that all vectors used in the correlation matrices have their means in the sample, denoted by "bar", subtracted. The invariant JM correlation test statistics for n data points are nρ 2 p×q where
where Tr denoted the trace of the matrix. Important features of ρ 2 p×q include ρ 2 p×q = 0 when the distribution (of any kind) is uncorrelated, 0 ≤ ρ 2 ≤ max(p, q), achieving maximum for perfect correlation, and distribution of ρ 2 p×q independent of the marginal distributions. Note that ρ 2 p×q is invariant under separate rotations of origins of galaxy axes, or polarizations, or orthogonal transformations of sky locations, and also does not involve any parameters. We have p = 3, q = 2 for the correlation of sky positions X and polarization representations Y . Then the distribution of nρ 2 3×2 is known to be χ 2 6 for large n. We verified this with extensive Monte Carlo simulations, confirming that the statistics are quite robust, and devoid of detectable dependence on the marginal distributions. Since the JM correlations are single number summaries, they cannot be expected to probe all forms of correlation, but are suited to sense certain simple linear relations (orthogonal rotations times projections ) between X and Y (Jupp and Mardia 1980) . As for all summary statistics, whether this is useful information depends on the map.
We present study of the full data set, and cuts based on rotation measure (RM ). The motivation for cutting on RM is that this is the only variable we have to give a symmetric and unbiased cut. Cuts on regions of χ, ψ, regions of X etc. involve subjective judgements or independent information, and may get embroiled in issues of searches. As discussed elsewhere (Ralston and Jain 1998) the dependence on "quality indicators" such as degree of polarization, and cited resolution parameters can be added separately. We examined the regions of RM ≤ 0 (131 points) and RM > 0 (146 points) separately. For the full data set, 277 points, with Map 1 we find nρ 2 2×3 = 5.99, in agreement with Bietenholz and Kronberg (1984) , discussed below. This has a P -value of 0.4, lacking any statistically significant indication of correlation with this measure. (The P-value is defined as the integrated probability for the null proposal to give an equal or larger statistic.) However, a more sensitive likelihood test, described below, will reveal that the full data set is significantly correlated. Meanwhile, the region of RM ≤ 0 shows a highly significant Map 1 correlation: nρ 2 2×3 = 19.5, a P -value at the 3 × 10 −3 level or greater than 2.9σ level. This is a strong indication disfavoring the conventional uncorrelated assumption. The very large correlation is insensitive to the location of the cut in the region of RM ≤ 0. The effect is quite persistent for cut locations with RM ≤ 0. Moving the cut by integer units of RM , the mean P-value is less than 5 × 10 −3 over the whole 20 point interval −16 ≤ RM max ≤ 5. This region includes the distribution's median RM = 1.5. The P-value begins to increase to a value above statistical significance for cut values of RM max ≤ −20, where the number of data points are depleted to less than one-third of the total, and on the other side for cut values of RM max ≥ 10. Separately (and reported in more detail elsewhere (Ralston and Jain 1998)) we have found that a strip symmetric about the mean RM = 8 plus or minus 6 − 10 units appears to be uncorrrelated. Then the balance of the data is highly correlated for both positive and negative RM . We decline to speculate on the reasons for this, remarking only that RM is thought to be correlated with position, so that we cannot rule out the cuts as selecting preferred angular regions of the sky. Sticking to the strict cuts, the region of RM > 0 then includes the decorrelated region, and as a whole does not show evidence of correlation: nρ 2 2×3 = 3.35. Roughly half the data is correlated at a highly significant level, and if interpreted as a fluctuation, represents a 2.9 σ effect.
Likelihood Analysis The second method is likelihood analysis, fitting generic functions and a generic correlation ansatz from Kendall and Young (1984) (KY) . The classic null distribution for angular variables is the von Mises (vM) form, of the type
The distribution has its maximum at Ω = 0 or Ω = π for k > 0 or k < 0, respectively. The location of the maximum can be translated by adding a parameter
The exponential forms are inspired by statistics, rather than any deep physical considerations: they are exponentials of linear and bilinear functions of X and Y . The correlation ansatz depends on 3 parameters: a measure of correlation µ, constructed so that C = 1 when µ = 0, and 2 parameters locating a normalized s. Lines of constant probability are a linear relation between components of Y and cos(γ), where γ is the polar angle between a source and s. To compare correlation 2 with the null proposal we separately maximized the loglikelihoods L 2 (correlated fit) and L 1 (null fit), extracting the test statistic 2T = 2(L 2 − L 2 ), which is distributed like χ 2 3 . Applying the maximum likelihood analysis to the cut RM ≤ 0, one finds (Map 1) that 2T = 10.52, with a P-value of 1.5% ( evidence of dependence). In this case the best fit parameters are (k = −0.56) (null), (k = −0.57, µ = 0.70) (correlated), with axis parameters:
Applying the same study to the other cuts (Table 1) , we see that 2T and nρ 2 2×3 track one another. This is non-trivial, as the 2 statistics have a measure of independence. Likelihood P-values (the more important and detailed measure 3 ) may imply significance in nρ 2
2×3 , yet the converse does not follow trivially from statistical theory. For a fixed correlation, both the nρ 2 2×3 and 2T statistics are linear in n. Any cuts, decreasing n, requires at least a proportionate increase in ρ 2 to maintain a fixed statistically significance. For this reason, cuts which increase significance probably signal real features of the data. Existence of large nρ 2 2×3 is evidence that no model distribution representing uncorrelated isotropy can fit the data.
The results so far are convincing evidence that polarizations relative to galaxy axis are correlated with angular position. Nevertheless, one can mount a sterner defense of the conventional, demanding a better null proposal via a different map. To implement the most optimistic definition of the null hypothesis, we adopted the standard methodology that the null hypothesis will be whatever is the best champion for the null hypothesis. We therefore searched through numerous other maps to improve the null fit. Thus we investigated von Mises distributions depending on Ω 2 = 2β − δ, where δ is an arbitrary parameter. Other maps are, Map 3: Ω 3 = 2β + ν sin(2β) Map 4: Ω 4 = 2β + ν sin(2β) + δ Map 5: Ω 5 = 2β + ν sin(2β + δ) Map 6: Ω 6 = 2β + ν cos(2β) Map 7: Ω 7 = 2β + ν cos(2β) + δ This gives 7 linearly independent maps in all. We also used Ω 1 in the bimodal von Mises combination δc 1 exp[k 1 cos(2β)] + (1 − δ)c 2 exp[k 2 cos(2β − π)] which has 3 parameters δ, k 1 , k 2 , and in the 2-parameter cardiod distribution (Fisher 1993 )
We have then nine independent functional ways trying to make the null proposal fit the data.
As a result we were able to improve the likelihood of the null fit significantly, with Map 3 producing by far the best fit, almost 3 units of likelihood higher than the vM distribution using only one more parameter. This map (standard in "circular statistics" biological studies on the swimming of fishes, escape of salamanders etc.) is discussed by Batschelet (1981) to make a more flattop or sharply peaked distribution than the vM , as definitely required here. (Consistent with the approach of maximizing the significance of the null, we optimized all combinations of χ 2 degrees of freedom and likelihood values of the null distribution as compared to the correlated case. For example, one can pit the single-parameter vM with lower likelihood against the more parameter Map 3 hoping to improve the null's significance using χ 2 4 . It fails. For another example, we conservatively rejected a slightly better fit for the bimodal vM . By having more parameters it presents a weaker case for the null proposal in likelihood comparisons.) To check for correlation we compare the same map in the KY correlation (Eq. 2).
The improved null fits generate an even greater signal of correlation. The results are summarized in Table 1 ; for completeness, parameters are listed in the text, while uncertainties are listed as cited. The full data set, 277 points, shows 2L 2 − 2L 1 = 2T = 8.68, a P -value of 3.4%, or more than 2σ's deviation from the expectations of an uncorrelated distribution. This is another statistically significant indication of dependence. Objectively, the uncorrelated isotropic assumption is sufficiently worse in fitting the data that it is significantly disfavored. The best fit parameters in this case are (k = −0.54, ν = −0.69) (null), (k = −0.52, ν = −1.00, µ = 0.52) (correlated), with axis parameters,
Moreover, the cut RM ≤ 0 yields evidence spectacularly disfavoring the null distribution by more than 3.5σ, a P-value of 5 × 10 −4 , with parameters (k = −0.57, ν = −0.91) (null), (k = −0.54, ν = −1.11, µ = 1.02) (correlated) with axis parameters,
Redoing the JM correlations with Map 3, while setting the parameter ν = −1 as indicated by likelihood, provides a powerful consistency check. (As ν refers to a coordinate system for β, coordinate invariance is not a feature of this check.) All the correlations increased (Table 1) , supporting the evidence that no distributions enforcing independence of β with respect to positions on the sky can fit the data.
Discussion
The statistics of 2T take parameters into account. The P -values represent probabilities for fluctuations from the null distribution to appear correlated when fitting with any values of the parameters whatsoever. The parameter µ represents a strength of correlation in the model ansatz, which is found to be relatively "of order unity" compared to the other parameters. The parameter s represents orientation of a normalized axis with 2 degrees of freedom on the dome of the sky. Remarkably, the s parameters extracted from the likelihood analysis tend to agree within errors with the axis s N R extracted in (Nodland and Ralston 1997) : s N R = (21 ± 2hrs, 0 ± 20 deg). Some variation must be expected, of course, given the substantial differences in statistical approach, a different data set, and effects of cuts. Indeed the 2-quadrant procedure of Ralston (1997a,1997b ) is quite distinct from both the likelihood analysis and invariant correlations, making the coincidence within errors of axis surely significant. Some proposals for the axis orientation have been made earlier (Kühne 1997, Bracewell and Eschelmann 1997) , and numerous theoretical models (Ahluwalia and Goldman 1993 , Brans 1975 , Carroll et al. 1990 , Mann et al. 1989 , Mann and Moffat 1981 , Ni 1977 , Ralston 1995 , Sachs 1997 , Tolman and Matzner 1982 , Will 1989 , Wolf 1988 , interpretations (Dobado and Maroto 1997 , Mansouri and Nozari 1997 , Moffat 1997 , Obhukov et al. 1997 , Surpi and Harari 1997 or related issues (Ralston et al. 1997) have come up. As for common sources, 134 of the source locations are common to the 2 full sets of 277 and 160 used in the 2 studies (including 51 points in the new set differing systematically by 1 degree in declination due to changes in convention). However only 19 points coincide when polarization and galaxy angles are compared. Of 64 locations in common after the RM ≤ 0 cut is made, only 9 also agree in polarization and galaxy angles. These differences are expected, and underscore the fact that the data sets were independent, as described in (Bietenholz 1984, Bietenholz and Kronberg 1984) .
As in all statistical studies, finding correlations of one kind is perfectly compatible with not finding different correlations by some other method sensing some other feature of the data. In this regard Bietenholz and Kronberg (1984) (BK) set out using the statistic ρ 2 2×3 to refute Birch's 1982 article claiming a coherent angular correlation. We confirmed their calculations, but note that they did not report the cuts on positive or negative RM . For the most part, the particular cuts reported mainly decrease the number of points n sufficiently that not much statistical information can be extracted. Even without trying the signed RM cut, we were led to suspect a strong correlation, because BK had actually found a huge correlation nρ 2 2×3 = 26.2 in Birch's data set of 137 points. Independently, Kendall and Young (1984) had estimated Birch's correlation to be highly significant from likelihood analysis, finding P -values at the 10 −3 level. Given such low and independent probabilities, it seemed more likely that an unfortunate statistic had been studied in not finding a correlation, than that the effects had occured through fluctuations. We think this has been resolved by the better fit of Map 3 to the BK data, which is sharply peaked, while KY fit Birch's data under Map 1. Bietenholz (1984) also reported other statistics, using the axis and slope parameters reported by Birch (1982) , without finding significant correlation. Varying those parameters, however, does lead to large correlations. More recently, Carroll and Field (1997) reanalyzed the data used by Nodland and Ralston (1997a) after a redshift z > 0.3 cut, which selected the region β mod π ≈ π/2. They then concluded that this set was fit better by a constant model (β mod π ≈ π/2) than by a correlated model. However, no fit to any model distribution was done, but instead the concept of an "average angle" defined by an arithmetic mean was introduced. As discussed by Batschelet (1981) (see also Mardia 1972 , Fisher 1993 ) the "average angle" so defined has caused problems in many fields. It is a quantity which does not transform properly, but instead depends on the convention used in binning angles. As a consequence the average angle and associated least-square deviation of angles are unphysical, and not proper estimators of anything statistical.
Conclusions
In presenting a study of limited scope, our conclusions are most crisply phrased in a negative sense: the null hypothesis of no coherent correlation is not supported. On the basis of significance, it can be ruled out. By the nature of this study, one is unable to state in a positive way what the correlation found may represent. Under many separate statistical probes, the evidence against uncorrelated isotropy in the data is significant at the 95% − 99.9% (roughly 2 − 3.5σ) values of (1 − P ). Associated with this behavior are persistent axis parameters concordant with the axis parameters found in Nodland and Ralston (1997a) . Elsewhere (Ralston and Jain 1998) we describe in more details a variety of results which strongly supports the work here. This is not the first such finding, but just one more among a number of studies accumulating over the years. While no evidence of systematic bias is found, we strongly reiterate the possibility. Yet the persistence of the effect seems to indicate physical processes outside the framework which has been used to analyze the data conventionally. It would be pre-mature to fix on a physical origin now. We therefore postpone more detailed conclusions, and recommend that physical models be used to suggest suitable directions of research. Resources exist to generate cosmological radio data sets with many more points, and the time may be ripe for clever technological advances that could be revolutionary. New analysis combined with new data might tell us what is causing the effect. cut no. of Map 1 Map 1 Map 3 (ν = −1) Map 3 points nρ 2 (P) 2T (P) nρ 2 (P) 2T (P) none 277 5.99 (P = 42%) 4.10 (P = 25%) 10.06 (P = 12%) 8.68 (P = 3.4%) RM≤ 0 131 19.48 (P = 0.3%) 10.52 (P = 1.5%) 23.34 (P < 0.1%) 17.70 (P < 0.1%) RM> 0 146 3.35 (P = 76%) 2.08 (P = 50%) 5.44 (P = 49%) 2.38 (P = 50%) Table 1 : Correlation test statistics nρ 2 as defined by Jupp and Mardia, a scale and rotationally invariant trace of products of 2 × 3 correlation matrices, along with maximum log-likelihood test statistics 2T . Both nρ 2 and 2T generally scale like the number of data points n. P-values are the probability of fluctuations in the null distribution to equal or exceed the data's statistic. Results are given for two different choices of mappings β → Y (Ω) discussed in text, with Map 1 and Map 3 corresponding to Ω 1 = 2β and Ω 3 = 2β + ν sin(2β) respectively. Map 1 was rejected compared to Map 3 in fitting the null hypothesis.
